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Abstract
We introduce a new, simple and efficient method for determining the ordered
or chaotic nature of orbits in two-dimensional (2D), four-dimensional (4D)
and six-dimensional (6D) symplectic maps: the computation of the alignment
indices. For a given orbit we follow the evolution in time of two different initial
deviation vectors computing the norms of the difference d− (parallel alignment
index) and the addition d+ (antiparallel alignment index) of the two vectors. The
time evolution of the smaller alignment index reflects the chaotic or ordered
nature of the orbit. In 2D maps the smaller alignment index tends to zero for
both ordered and chaotic orbits but with completely different time rates, which
allows us to distinguish between the two cases. In 4D and 6D maps the smaller
alignment index tends to zero in the case of chaotic orbits, while it tends to a
positive non-zero value in the case of ordered orbits. The efficiency of the new
method is also shown in a case of weak chaos and a comparison with other
known methods that separate chaotic from regular orbits is presented.

PACS numbers: 05.45.−a, 05.45.Jn, 05.45.Ac

1. Introduction

The problem of distinguishing between ordered and chaotic motion in a dynamical system,
especially one with many degrees of freedom, is fundamental in a large area of modern
science. Thus we need fast and accurate tools to give us information about the chaotic or
ordered character of an orbit, mainly when the dynamical system has many degrees of freedom
(at least three) because then it is not easy to inspect the phase space.

Some well-known methods that try to give an answer to this problem are as follows:

(a) The inspection of the consequents of an orbit on a Poincaré surface of section. For 2D
systems this method has been used extensively, despite the problem of finding a proper
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Poincaré surface of section. However, the inspection becomes very difficult and greatly
deceiving for systems with multidimensional phase space.

(b) The maximal Lyapunov characteristic number (LCN) of an orbit informs us whether an
orbit is ordered or chaotic. The LCN is the limit of the finite time Lyapunov characteristic
number

Lt = 1

t
ln

|ξt |
|ξ0| (1)

(where ξ0 and ξt are the distances between two points of two nearby orbits at times
t = 0 and t), when t tends to infinity. In other words, LCN gives the average exponential
deviation of two nearby orbits, so if LCN = 0 the orbit is ordered and if LCN > 0 the
orbit is chaotic. In mappings t is discrete time, i.e. the number N of iterations of the map,
so the finite time Lyapunov characteristic number can be denoted as LN. An advantage of
this method is that it can be applied to systems of any number of degrees of freedom.

(c) The frequency analysis method of Laskar [1–5], based on calculating the basic frequencies
of an orbit over a fixed interval of time. For orbits on KAM tori these frequencies are
very accurate approximations of the actual frequencies of the system but for chaotic orbits
the computed values vary significantly in time and space. This method can be applied to
systems with many degrees of freedom.

In recent years the following new techniques have been developed:

(i) The study of spectra of ‘short time Lyapunov characteristic numbers’ [6, 7] or ‘stretching
numbers’ α [8–10], and the spectra of helicity angles � and twist angles φ [11–13]. The
stretching number α is the logarithm of the ratio of two successive deviations |ξt+�t | and
|ξt | at times differing by �t. In mappings the smallest value of �t is 1 so the stretching
number is

αi = ln
|ξi+1|
|ξi | (2)

where i counts the iterations of the mapping. The helicity angle is the angle between
a deviation vector ξi with a fixed direction (say the axis x1) and the twist angle is the
difference of two successive helicity angles. In a phase space of more than two dimensions
(x1, x1, . . . , xn) we project ξi on the planes (x2, x1), (x3, x1), . . . , (xn, x1) and take the
angles �i and φi on all these planes (i = 1, 2, . . . , n − 1).

If Q is one of these quantities, i.e. Q = α, �, φ, we define the ‘dynamical spectrum
of Q’, i.e. the probability density of the values of Q given by

S(Q) = dN(Q,Q + dQ)

N · dQ
(3)

where N is the total number of iterations and dN(Q,Q + dQ) is the number of values of
Q in the interval (bin) (Q,Q + dQ).

For Hamiltonian systems with two degrees of freedom, or equivalently for 2D maps,
the spectra of stretching numbers, helicity and twist angles have been used successfully
in distinguishing between ordered and chaotic orbits [10, 12, 13]. In multidimensional
systems we have a plethora of angular dynamical spectra. On the other hand, the stretching
number is independent of the dimension of the phase space, so its spectra can be used
easily for the determination of the ordered or chaotic nature of an orbit.

In a recent paper by Voglis et al [14] a new numerical quantity was introduced for
determining whether an orbit is ordered or chaotic in 4D maps. This quantity is the



Alignment indices 10031

‘spectral distance’ D between two spectra S1(α) and S2(α) produced for the same orbit
but with different initial deviation vectors

D2 =
∑

all α

[S1(α) − S2(α)]2 · dα (4)

where dα is the constant width of the bin of stretching numbers. One of the main
conclusions of that paper is that when the motion is ordered, the spectra produced by two
different initial deviation vectors are different, so D tends to a constant non-zero value,
while for chaotic motion the final spectra will be equal and D tends to zero.

(ii) The fast Lyapunov indicator (FLI) [15, 16]. The FLI is defined as follows. In
an n-dimensional phase space we take an n-dimensional vector basis Vn(0) =
(v1(0), v2(0), . . . , vn(0)) as n initial deviation vectors from an orbit with initial condition
P(0) = (x1(0), x2(0), . . . , xn(0)). Then we evolve the deviation vectors and the orbit in
time and at every time step (for Hamiltonian systems) or iteration (for maps) we take the
largest among the vectors of the evolving basis and define FLI as

FLI = supj ‖vj (t)‖ j = 1, 2, . . . , n. (5)

For both ordered and chaotic orbits FLI tends to infinity as time t, or the number N of
iterations, increases, following however completely different time rates which allows us
to distinguish between the two cases.

In the present paper we introduce a new, fast and easy to compute indicator of the chaotic
or ordered nature of orbits: the alignment indices (ALIs). The paper is organized as follows.
In section 2 we define the parallel and antiparallel alignment indices explaining the different
behaviour they exhibit for ordered and chaotic orbits. In section 3 we apply the method
of the alignment indices to ordered and chaotic orbits of a 2D map (section 3.1), of a 4D
map (section 3.2) and of a 6D map (section 3.3), giving a comparison with other methods
and in particular with (a) inspection of the consequents of orbits on the Poincaré surface of
section of the system, (b) the finite time Lyapunov characteristic number LN, (c) the FLI and
(d) the spectral distance D between the spectra of stretching numbers produced by two different
deviation vectors. The efficiency of the ALIs is shown in a case of weak chaos studied in
section 4. Finally in section 5 we summarize our results and present our conclusions. We
note that all the maps considered in the present paper are symplectic maps, so they represent
conservative dynamical systems.

2. Definition of the alignment indices

It is known that the spectra of stretching numbers in 2D maps are invariant with respect to the
choice of the initial deviation vector for ordered and chaotic orbits [8]. The case of 4D maps
is quite different. In 4D maps the ordered motion occurs on a 2D torus. Any initial deviation
vector becomes almost tangent to this torus after a short transient period. In general, two
different initial deviation vectors become tangent to different directions on the torus producing
different sequences of vectors and hence different spectra. On the other hand, in chaotic cases
two initially different deviation vectors tend to coincide with the direction defined by the
most unstable nearby manifold and hence coincide with each other, or one vector tends to the
opposite of the other producing equal spectra of stretching numbers. So the spectral distance
D (4) of the two spectra tends to zero for chaotic orbits and to a constant non-zero value for
ordered orbits [14]. Discussion on the theoretical approach of the behaviour of the deviation
vectors in 2D and 4D maps can be found in [17].
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Instead of following the evolution of the spectra of stretching numbers produced by two
different initial deviation vectors (e.g. v1(0), v2(0)) and the corresponding spectral distance D,
we can decide if an orbit is ordered or chaotic by following the evolution in time of the two
deviation vectors. We define as the parallel alignment index, the quantity

d− ≡ ‖v1(t) − v2(t)‖ (6)

and as the antiparallel alignment index, the quantity

d+ ≡ ‖v1(t) + v2(t)‖ (7)

where ‖ · ‖ denotes the Euclidean norm of a vector. It is obvious from the above definitions
that when d− = 0 the two vectors coincide and when d+ = 0 the two vectors are opposite.

If we consider the vectors v1 and v2 to be normalized with norm equal to 1, the two
deviation vectors of a chaotic orbit tend to coincide when d− → 0 and d+ → 2 and tend to
become opposite when d− → 2 and d+ → 0. If the orbit is ordered, the two vectors become
tangent to the torus on which the orbit is confined, in different directions. Then both quantities
d+ and d− tend to positive values in the interval (0, 2). So, the smaller alignment index (SALI)
tends to zero when the orbit is chaotic and to a non-zero value when the orbit is ordered. The
different behaviour of SALI for ordered and chaotic orbits, makes it a good, easy to compute
and very fast (as shown further on) tool in order to define the ordered or chaotic nature of an
orbit in n-dimensional maps with n � 4.

In 2D maps the two deviation vectors tend to coincide or become opposite for ordered
and chaotic orbits. The ordered motion occurs on a 1D torus, the so-called invariant curve.
So, any two deviation vectors eventually become tangent to this curve, tending to coincide
or become opposite to each other. For chaotic orbits we have a similar case since any two
deviation vectors become tangent to the most unstable nearby manifold. As a consequence,
the spectra of stretching numbers tend to coincide in both cases. Thus, the spectral distance D
tends to zero in both cases, so it cannot distinguish between ordered and chaotic motion. On
the other hand, although one of the ALIs d−, d+ and the SALI tend to zero, both in ordered
and chaotic cases, they follow completely different time rates for ordered and chaotic orbits
(as shown in section 3.1) and this allows us to distinguish between the two cases.

3. Application of the alignment indices

The dynamical systems we use to demonstrate the method of ALIs are simple symplectic maps
with two, four and six dimensions. In particular we use the 2D map

x ′
1 = x1 + x2

x ′
2 = x2 − ν sin(x1 + x2)

(mod 2π) (8)

and the 4D map

x ′
1 = x1 + x2

x ′
2 = x2 − ν sin(x1 + x2) − µ[1 − cos(x1 + x2 + x3 + x4)]

x ′
3 = x3 + x4

x ′
4 = x4 − κ sin(x3 + x4) − µ[1 − cos(x1 + x2 + x3 + x4)]

(mod 2π) (9)

which is composed of two 2D maps of the form (8), with parameters ν and κ , coupled with
a term of the order µ. All variables are given (mod 2π), so xi ∈ [−π, π), for i = 1, 2, 3, 4.
The map (9) is a variant of Froeschlé’s 4D symplectic map [18]. The periodic orbits of map
(9) and their bifurcations have been studied by Contopoulos and Giorgilli [19]. Structures in
the phase space of this map for small values of the coupling parameter µ were examined in
detail by Skokos et al [20].
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Figure 1. Phase plots of the 2D map (8) for (a) ν = 0.1 and (b) ν = 0.5. In (b) the initial
conditions of the ordered orbit A (x1 = 2, x2 = 0) and the chaotic orbit B (x1 = 3, x2 = 0) are
marked by black and light-grey full circles, respectively.

The 6D map we use

x ′
1 = x1 + x ′

2

x ′
2 = x2 +

K

2π
sin(2πx1) − β

2π
{sin[2π(x5 − x1)] + sin[2π(x3 − x1)]}

x ′
3 = x3 + x ′

4

x ′
4 = x4 +

K

2π
sin(2πx3) − β

2π
{sin[2π(x1 − x3)] + sin[2π(x5 − x3)]}

x ′
5 = x5 + x ′

6

x ′
6 = x6 +

K

2π
sin(2πx5) − β

2π
{sin[2π(x3 − x5)] + sin[2π(x1 − x5)]}

(mod 1) (10)

is composed of three coupled standard maps. The map (10) is the n = 3 case of the n-coupled
standard maps studied by Kantz and Grassberger [21]. All variables are given (mod 1), so
xi ∈ [0, 1), for i = 1, 2, . . . , 6. For β = 0 map (10) gives three uncoupled standard maps.
For β �= 0 the maps are coupled and influence each other.

3.1. Ordered and chaotic orbits in a 2D map

First we study ordered and chaotic orbits in the 2D map (8). For ν = 0 the map (8) is reduced
to two independent 1D maps, where x2 is constant. When the constant x2 = −2πm/n, (mod
2π) with m,n ∈ N∗ and m � n, on the plane x1x2 we have n points, and any two successive
consequents are located m points apart. So the map (8) on the plane x1x2 consists of points
on lines parallel to the axis x2 = 0, or of horizontal rows of n points. By setting ν = 0.1 we
have a 2D map with a small coupling so the picture we take does not differ much from that
with ν = 0. The difference is in the region near the stable periodic orbit x1 = x2 = 0, where
we no longer have horizontal lines, but closed curves (figure 1(a)). For ν = 0.5, the central
island around the origin x1 = x2 = 0 is larger and a small chaotic region around the unstable
periodic orbit x1 = −π, x2 = 0 is visible (figure 1(b)).
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Figure 2. The evolution of (a) the finite time Lyapunov characteristic number LN, (b) the fast
Lyapunov indicator FLI, (c) the square of the spectral distance D and (d ) the smaller alignment
index SALI, with respect to the number N of iterations of the 2D map (8) with ν = 0.5, for the
ordered orbit A with initial conditions x1 = 2, x2 = 0 (dashed curves) and for the chaotic orbit B
with initial conditions x1 = 3, x2 = 0 (solid curves).

We consider for our study the ordered orbit A with initial conditions x1 = 2, x2 = 0 and
the chaotic orbit B with initial conditions x1 = 3, x2 = 0 of the 2D map (8) with ν = 0.5.
The initial conditions of these orbits are marked in figure 1(b).

The evolution of the finite time Lyapunov characteristic number LN for both orbits is
shown in figure 2(a). As expected for ordered orbits, LN of orbit A (dashed curve) decreases
as the number N of iterations increases, following a power law, reaching the value LN ≈ 1.6 ×
10−6 after 107 iterations. On the other hand LN of the chaotic orbit B (solid curve), after some
fluctuations seems to stabilize near a constant value and it becomes LN ≈ 5 × 10−2 after 107

iterations.
For both orbits we compute the FLIs (5) using the initial deviation vectors (1, 0) and

(0, 1). The results are shown in figure 2(b). The FLI of the ordered orbit A increases as N
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Figure 3. Projections of the orbits of the 4D map (9) for ν = 0.5, κ = 0.1, µ = 10−3, with initial
conditions x1 = 0.5, x2 = 0, x3 = 0.5, x4 = 0 (ordered orbit C) and x1 = 3, x2 = 0, x3 = 0.5,
x4 = 0 (chaotic orbit D) on the x1x2 plane. The initial conditions of the orbits are marked by full
circles.

increases following a power law (dashed curve). In the case of the chaotic orbit B the FLI
increases abruptly reaching the value 1020 after about 1000 iterations (solid curve).

Since the map (8) is two-dimensional two deviation vectors tend to coincide or become
opposite, producing equal spectra of stretching numbers. So, the spectral distance D tends to
zero, both for ordered and chaotic orbits. In figure 2(c) we see the evolution of the spectral
distance D of the spectra of stretching numbers produced by the initial deviation vectors (1, 0)
and (0, 1), for the ordered orbit A (dashed curve) and the chaotic orbit B (solid curve). In
both cases D decreases following the same power law. It is evident that D cannot be used to
separate between ordered and chaotic motion in 2D maps.

The deviation vectors eventually coincide or become opposite for ordered and chaotic
orbits, but on completely different time rates. This is evident from figure 2(d ), where the
smaller alignment index (SALI) is plotted as a function of the number N of iterations, both for
the ordered orbit A (dashed curve) and the chaotic orbit B (solid curve). The initial deviation
vectors used are (1, 0) and (0, 1). The SALI is the parallel alignment index d− in both cases,
which means that the two deviation vectors tend to coincide.

For the ordered orbit A the SALI decreases as N increases, following a power law and
it becomes SALI ≈ 10−13 after 107 iterations, which means that the two deviation vectors
almost coincide. The SALI of the chaotic orbit B decreases abruptly, reaching the limit of
accuracy of the computer (10−16) after about 200 iterations. After that time the two vectors
are identical since their coordinates are represented by the same numbers in the computer. So,
the SALI can distinguish between ordered and chaotic motion on a 2D map, since it decreases
to zero following completely different time rates.

3.2. Ordered and chaotic orbits in a 4D map

Now we consider the case of the 4D map (9) for ν = 0.5, κ = 0.1 and µ = 10−3. So, we have
a weak coupling of the 2D map (8) for ν = 0.5 on the plane x1x2 shown in figure 1(b), with the
2D map (8) for ν = 0.1 on the plane x3x4 shown in figure 1(a). We consider the orbit C with
initial conditions x1 = 0.5, x2 = 0, x3 = 0.5, x4 = 0 and the orbit D with initial conditions
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Figure 4. The evolution of (a) LN, (b) FLI, (c) D2 and (d ) SALI, with respect to the number N of
iterations of the 4D map (9) with ν = 0.5, κ = 0.1, µ = 10−3, for the ordered orbit C with initial
conditions x1 = 0.5, x2 = 0, x3 = 0.5, x4 = 0 (dashed curves) and for the chaotic orbit D with
initial conditions x1 = 3, x2 = 0, x3 = 0.5, x4 = 0 (solid curves).

x1 = 3, x2 = 0, x3 = 0.5, x4 = 0. The projections on the x1x2 plane of some thousands
of consequents of these orbits, as well as their initial conditions, are shown in figure 3.
We can predict that orbit C is ordered, since its projection on the x1x2 plane forms a closed
curve, while orbit D is chaotic, since it produces scattered points on the x1x2 plane.

In order to define the nature of orbits C and D we compute the same quantities as in the
case of the 2D map (8). From the evolution of LN, shown in figure 4(a), we see that orbit C
is ordered, since LN decreases with respect to N following a power law and becoming LN ≈
10−6 after 107 iterations (dashed curve). Orbit D is chaotic, since LN stabilizes after about 104

iterations and it becomes LN ≈ 8 × 10−3 after 107 iterations (solid curve).
The FLIs of both orbits are computed by using the initial deviation vectors (1, 1, 1, 1),

(1, 0, 0, 0), (0, 1, 0, 0) and (0, 0, 1, 0), and plotted in figure 4(b). The FLI of orbit C (dashed
curve) increases as N increases following a power law, while the FLI of orbit D (solid curve)
increases abruptly reaching the value 1020 after about 5.5 × 103 iterations.
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Figure 5. Projections on the x1x2 plane of the orbits of the 6D map (10) for K = 3, β = 0.1, with
initial conditions (a) x1 = 0.55, x2 = 0.05, x3 = 0.55, x4 = 0.01, x5 = 0.55, x6 = 0 (ordered
orbit E) and (b) x1 = 0.55, x2 = 0.05, x3 = 0.55, x4 = 0.21, x5 = 0.55, x6 = 0 (chaotic
orbit F). The initial conditions of the orbits are marked by full circles.

In figure 4(c) we see the evolution of D of the spectra of stretching numbers produced by
the initial deviation vectors (1, 1, 1, 1) and (1, 0, 0, 0) for the ordered orbit C (dashed curve)
and the chaotic orbit D (solid curve). In the case of the ordered orbit C the spectral distance D
starts to stabilize to a non-zero value after about 104 iterations, while in the case of the chaotic
orbit D it decreases as N increases and tends to zero following a power law.

In figure 4(d ) the SALI is plotted with respect to the number N of iterations of the 4D map
(9) for the orbits C (dashed curve) and D (solid curve). The initial deviation vectors used are
(1, 1, 1, 1) and (1, 0, 0, 0). In particular the SALI is the parallel alignment index d− for orbit
C, while it is the antiparallel alignment index d+ for orbit D. That means that the two deviation
vectors become opposite in the case of the chaotic orbit D. For the ordered orbit C the SALI
remains almost constant, fluctuating around SALI ≈ 0.28, while it decreases abruptly in the
case of the chaotic orbit D, reaching the limit of accuracy of the computer (10−16) after about
4.7 × 103 iterations. After that time the coordinates of the two vectors are represented by
opposite numbers in the computer.

3.3. Ordered and chaotic orbits in a 6D map

As a case of a multidimensional map we consider the 6D map (10). For K = 3 and β = 0.1
we consider the ordered orbit E with initial conditions x1 = 0.55, x2 = 0.05, x3 = 0.55,
x4 = 0.01, x5 = 0.55, x6 = 0 and the chaotic orbit F with initial conditions x1 = 0.55,
x2 = 0.05, x3 = 0.55, x4 = 0.21, x5 = 0.55, x6 = 0. Orbit E remains trapped in a finite re-
gion of the phase space, with its projections on the planes x3x4 and x5x6 being similar to the
one on the plane x1x2, seen in figure 5(a). On the other hand, the orbit F initially stays in a
region similar to the one occupied by orbit E, but after about 3000 iterations it spreads through
the entire phase space, as seen in figure 5(b).

The evolution of LN for orbits E (dashed curve) and F (solid curve) is shown in figure
6(a). From this figure we conclude that orbit E is ordered since LN decreases with respect to
N following a power law, reaching LN ≈ 1.3 × 10−6 after 107 iterations. Orbit F is chaotic
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Figure 6. The evolution of (a) LN, (b) FLI, (c) D2 and (d ) SALI, with respect to the number
N of iterations of the 6D map (10) with K = 3, β = 0.1, for the ordered orbit E with initial
conditions x1 = 0.55, x2 = 0.05, x3 = 0.55, x4 = 0.01, x5 = 0.55, x6 = 0 (dashed curves) and
for the chaotic orbit F with initial conditions x1 = 0.55, x2 = 0.05, x3 = 0.55, x4 = 0.21, x5 =
0.55, x6 = 0 (solid curves).

since LN does not tend to zero, but stabilizes after about 105 iterations near a constant non-zero
value, becoming LN ≈ 0.1 after 107 iterations.

The FLIs of both orbits are computed by using the initial deviation vectors (1, 0, 0, 0, 0, 0),
(0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0), (0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (0, 0, 0, 0, 0, 1) and plotted
in figure 6(b). The FLI of the ordered orbit E increases as N increases, following a power law
(dashed curve). The FLI of the chaotic orbit F increases abruptly after about 103 iterations
reaching the value 1020 after about 6500 iterations (solid curve).

The spectral distance D of the spectra of stretching numbers produced by the initial
deviation vectors (1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0) is shown in figure 6(c) both for the ordered
orbit E (dashed curve) and the chaotic orbit F (solid curve). After a transient phase D tends to
a constant non-zero value for orbit E, while it tends to zero for orbit F, as expected.
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In figure 6(d ) the SALI is plotted with respect to the number N of iterations of the 6D
map (10) for orbits E (dashed curve) and F (solid curve). The initial deviation vectors used
are (1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0). The SALI is the antiparallel alignment index d+ in both
cases, which means that the two deviation vectors become opposite in the case of the chaotic
orbit F. The SALI remains almost constant for the ordered orbit E, fluctuating around SALI ≈
0.4. In the case of the chaotic orbit F the SALI decreases abruptly after about 103 iterations,
reaching the limit of accuracy of the computer (10−16) after about 8 × 103 iterations.

It is evident from the above results that the behaviour of all the quantities shown in figure 6
is similar to that exhibited in the case of the 4D map studied in section 3.2.

We see that the SALI clearly distinguishes between ordered and chaotic motion in 4D
maps (and also in n-dimensional maps with n > 4), because it fluctuates around a non-zero
value for ordered orbits, while it decreases to zero for chaotic orbits.

4. A case of weak chaos

In order to test the efficiency of the SALI in distinguishing between ordered and chaotic
motion we apply it to a known case of weak chaos [11, 14]. We use the model of two coupled
standard maps

x ′
1 = x1 + x ′

2

x ′
2 = x2 +

K

2π
sin(2πx1) − β

π
sin[2π(x3 − x1)]

x ′
3 = x3 + x ′

4

x ′
4 = x4 +

K

2π
sin(2πx3) − β

π
sin[2π(x1 − x3)]

(mod 1) (11)

For K = 3 we select two orbits with the same initial conditions, i.e. x1 = 0.55, x2 = 0.1,
x3 = 0.62, x4 = 0.2 for β = 0.1 (orbit G) and β = 0.3051 (orbit H). As explained by Voglis
et al [14], orbit G is ordered while orbit H is slightly chaotic having a very small LCN. The
projections of 5 × 103 points of the orbits G and H after 107 iterations of the 4D map (11)
on the planes x1x2 and x3x4, respectively, are shown in figures 7(a) and (b) for orbit G and in
figures 7(c) and (d ) for orbit H. The projections of both orbits fill similar regions in the phase
space and give the impression of motion on a torus, leading us to consider wrongly that both
orbits are ordered.

The evolution of LN for both orbits is given in figure 8(a). The LN of orbit G (dashed
curve) decreases as N increases, following a power law and it becomes LN ≈ 1.6 × 10−7 after
108 iterations, denoting that orbit G is ordered. On the other hand the LN of orbit H (solid
curve) looks similar to orbit G up to 2 × 107 iterations, but beyond that we see a difference
between the two curves. After 108 iterations LN of orbit H stops decreasing but one has to
wait up to 109 iterations in order to see it stabilized near a small but non-zero value (LN ≈ 5
× 10−7). This means that orbit H is slightly chaotic, but one has to wait at least up to 108

iterations in order to have an indication of its stochasticity and up to 109 iterations in order to
be certain that the orbit is chaotic.

The FLIs of orbits G and H are computed using the initial deviation vectors (1, 1, 1,
1), (1, 2, 1, 2), (0, 0, 1, 0), (0, 0, 0, 1) and plotted in figure 8(b). Both curves evolve in a
similar way up to 107 iterations. After that point the FLI of orbit H (solid curve) increases
abruptly and becomes 1020 after about 8.2 × 107 iterations, while the FLI of orbit G (dashed
curve) continues to increase following the same power law as before. So, after about 5 × 107

iterations one can be certain that orbit H is chaotic.
In figure 8(c) we see that, for both orbits, the spectral distance D between the spectra

of stretching numbers produced by the initial deviation vectors (1, 1, 1, 1) and (1, 2, 1, 2),
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Figure 7. Projections of the orbits of the 4D map (11) with K = 3 and initial conditions
x1 = 0.55, x2 = 0.1, x3 = 0.62, x4 = 0.2 for (i) β = 0.1s (ordered orbit G) on the planes
(a) x1x2 and (b) x3x4 and for (ii) β = 0.3051 (slightly chaotic orbit H) on the planes (c) x1x2 and
(d ) x3x4. The initial conditions of the orbits are marked by filled circles.

decreases in a similar way up to 106 iterations. At that time the two curves separate, although
they continue to decrease. The curve of orbit G (dashed curve) starts to stabilize around a non-
zero value after about 107 iterations, while the curve of orbit H (solid curve) continues to de-
crease. After about 5 × 107 iterations the different behaviour of D for the two orbits is evident.

The evolution of the SALI for orbits G and H is shown in figure 8(d ). The initial deviation
vectors used for the computation of the SALI are (1, 1, 1, 1) and (1, 2, 1, 2). In both cases
the SALI is the parallel alignment index d−. The SALI of the ordered orbit G (dashed curve)
stabilizes near a non-zero value after a transient time of about 104 iterations. The SALI of
the chaotic orbit H (solid curve) has a different behaviour almost from the beginning. In
particular, it fluctuates a lot, without tending to stabilize around any value and after about
2 × 106 iterations it starts decreasing. The decrease becomes more abrupt after about 107

iterations, reaching values of SALI ≈ 10−10 after 3 × 107 iterations, which means that the
two deviation vectors practically coincide.
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Figure 8. The evolution of (a) LN, (b) FLI, (c) D2 and (d ) SALI, with respect to the
number N of iterations of the 4D map (11) with K = 3, for the orbits with initial conditions
x1 = 0.55, x2 = 0.1, x3 = 0.62, x4 = 0.2 for β = 0.1 (ordered orbit G, dashed curve) and
β = 0.3051 (slightly chaotic orbit H, solid curve).

Thus, the SALI gives an indication of the chaotic nature of orbit H earlier than any other
method used, i.e. after about 2 × 106 iterations. After about 3 × 107 iterations it has very
small values, so that the chaotic behaviour of the orbit is established beyond any doubt.

5. Discussion and conclusions

We introduced a fast, efficient and easy to compute method in order to check if orbits of
2D and multidimensional area-preserving maps are ordered or chaotic: the computation of
the alignment indices (ALIs). We follow the evolution in time of an orbit and the deviation
vectors v1(t), v2(t) produced by two initially different vectors v1(0), v2(0). At any time step
we compute the parallel and antiparallel alignment index

d− ≡ ‖v1(t) − v2(t)‖ d+ ≡ ‖v1(t) + v2(t)‖
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respectively. When d− → 0 the two vectors tend to coincide, while if d+ → 0 the two vectors
tend to become opposite to each other. So, the values of the ALIs have a clear physical meaning
since they represent the evolution in time of the two deviation vectors and define their relative
position in phase space. In particular, the evolution in time of the smaller alignment index
(SALI) reflects the chaotic or ordered nature of the orbit. The proposed method classifies
definitely an orbit as ordered or chaotic, even in cases of weak chaos. In general, the SALI of
nearby chaotic orbits from the same chaotic region have similar behaviour. The same holds
for nearby ordered orbits.

In 2D maps the two deviation vectors tend to coincide or become opposite both for
ordered and chaotic orbits, but the SALI tends to zero following completely different time
rates. In particular, it decreases as the number N of iterations increases, following a power
law for ordered orbits, while it decreases abruptly to very small values for chaotic orbits. This
different behaviour helps us distinguish between regular and stochastic orbits.

In 4D maps, and in maps of higher dimensionality, things are even better. The deviation
vectors tend to coincide or become opposite for chaotic orbits and so the SALI tends to zero,
while in general, they remain different for ordered orbits and the SALI tends to a positive
non-zero value. So, we can easily decide if an orbit is ordered or chaotic.

An advantage of using the ALIs is that usually, when the orbit under consideration is
chaotic, one of them (and of course the SALI) becomes equal to zero, in the sense that it
reaches the limit of the accuracy of the computer. After that time the two vectors are identical
(equal or opposite), since their coordinates are represented by the same or opposite numbers
in the computer. Thus they have exactly the same evolution in time and cannot be separated.
In that case the chaotic nature of the orbit is established beyond any doubt. Even in chaotic
cases where the SALI does not reach the accuracy limit of the computer (like the case of weak
chaos studied in section 4) its values are very small, indicating that the two deviation vectors
practically coincide or are opposite.

We also compared this method with other well-known methods that try to determine the
ordered or chaotic nature of orbits, in simple cases of regular or stochastic orbits and in a case
of weak chaos.

In all cases of 2D, 4D and 6D maps we studied, the use of the SALI helped us decide if
an orbit is ordered or chaotic much faster than the computation of the finite time Lyapunov
characteristic number LN.

For orbits in 2D maps the SALI and the FLI have similar behaviour for ordered and
chaotic orbits, i.e. the SALI tends to zero, while the FLI tends to infinity in both cases, but
both quantities follow different time rates that help us decide if an order is ordered or chaotic.
In 4D maps (and in maps of higher dimensionality) the SALI distinguish between ordered and
chaotic motion more clearly than the FLI, since the SALI tends to zero for chaotic orbits and
to a non-zero value for ordered orbits, while the FLI tends to infinity in both cases (but with
different time rates). In general using the SALI we can decide if an orbit is ordered or chaotic
at least as fast as by using the FLI.

Finally, we compared the SALI with the spectral distance D of the spectra of stretching
numbers produced by two deviation vectors. The computation of the SALI is easier since it
is done by simply finding the norms of two vectors, namely ‖v1(t) − v2(t)‖, ‖v1(t) + v2(t)‖
and marking the smaller of these two norms, without having to go through the computation
of the spectra of stretching numbers. Another advantage of the SALI is that it can be used
for distinguishing between ordered and chaotic orbits even for 2D maps, while the spectral
distance D cannot be used in this case. This is due to the fact that in 2D maps the spectra of
stretching numbers are invariant to the choice of the initial deviation vectors both for ordered
and chaotic orbits.
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The spectra of stretching numbers and their spectral distance D exhibit a delay in feeling
the changes of the deviation vectors, since they remember the whole evolution in time of the
deviation vectors. For instance, although the two deviation vectors may become identical
(equal or opposite), their spectra are still different because of the transient phase where the
deviation vectors were different. So the SALI determines if an orbit is ordered or chaotic
faster than the spectral distance D.

In the present paper we applied different numerical tests in order to distinguish between
ordered and chaotic motion in symplectic maps. Our results have the standard accuracy one
can achieve with the current computational facilities available. In the examined cases the
numerical accuracy we reach and the fact that all numerical tests agree about the chaotic or
ordered nature of the orbits, strongly indicate that our results are not spurious.
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